The power spectrum of the daily Dow Jones industrial average is calculated. It has been shown that the spectrum is P f 1=f 1:8 , very close to that of the random walk series 1=f 2 noise. In contrast to some previous belief, the Dow Jones index as well as other stock prices time series are not 1=f noise. The distribution of the daily change of the Dow Jones industrial average is also calculated. Several ttings of the distribution are carried out for both the price change and the logarithm of the price change. It has been observed that the occurrence of the big loss on Black Monday negative change of 508 does not t the distribution of the smaller price uctuations e.g., smaller than 100. This lack o f scaling for the frequency of occurrence from the large stock price losses to small price uctuations can be compared with the much better scaling law in the frequency of occurrence for global earthquakes.
Introduction
Noise can be classi ed according to its power spectrum | a decomposition of the time series into components with di erent frequencies by their contribution to the power or variance. If there is no preferred frequency component, the power spectrum is at, and the time series is called white noise. Sometimes, due to the large contributions from the slow-varying, non-periodic components in the time series, the spectrum peaks at lower frequencies. The increase of the power spectrum Pf a t l o wer frequencies can be modeled
The main result in this paper was rst presented at the Dynamics Days '90 workshop Austin, Texas, January 3 6, 1990. 2 Power spectra of Dow Jones industrial average sequence The application of the power spectral analysis to stock price sequences should be straightforward except for two subtle issues. The rst is that price may not be a good measure of the value, or it may not be the true" quantity w e are looking for. The second is that power spectrum is only well de ned for stationary series whereas it is typical for economic time series to be non-stationary. I will discuss both problems below.
It is argued that the logarithm of the price is a better measure than price itself Osborne, 1959 . One argument in support of this thesis is that a change of price from $10 to $20 is not the same as a change from $100 to $110. Although the price change is $10 in both cases, the psychological signi cance of the second price increase is much smaller than the rst one Osborne, 1959 . One suggestion of a better measure is the logarithm of the price. This suggestion gains empirical support by the observation that the distribution of the log-price in common stocks looks like a Gaussian distribution Osborne, 1959 . The distribution for prices is then the log-normal distribution Aitchison & Brown, 1963 .
The problem imposed by the non-stationarity has already been discussed by Granger and Hatanaka Granger & Hatanaka, 1964 in their study of the spectra of economic time series. Basically speaking, the non-stationarity that causes most problems are those that change the spectrum dramatically as more data points are included. On the other hand, some types of non-stationarity only change the total power but do not change the shape of the spectrum when the time span is broadened. Taking random walk | one of the best-known non-stationary sequences | for example, the shape of the spectrum is always 1=f 2 see Appendix, even though the total power diverges in the in nite time limit.
For a nite series, it is di cult to judge whether the series is stationary or not, because one can always make the time series stationary by using a periodic boundary condition. So, it is always possible to calculate the power spectrum Pf for a nite number of data points by the following discrete x j e i2fj=N :
1 If one insists on a meaningful de nition of the power spectrum for in nite number of data points, the traditional way is to nd out the non-stationary part of the sequence and then remove it from the series. A common practice in analyzing economic time series is to identify the trend, such as the one being found in gross national product GNP, and detrend it. It can be imagined that the detrended sequence will have less power at lower frequencies, because trends are slow-varying functions which contribute most to the lower frequency power spectrum.
In order to be more convincing, I will calculate the power spectra for not only the original stock price sequence, but also the detrended price sequence, the log-price sequence, and the detrended log-price sequence. The set of data is the daily closing values of the Dow Jones industrial average from October 14, 1974 to February 14, 1991 . The total number of data points is 4112, noticing that weekends and holidays are excluded. The fast Fourier transformation program e.g., Chapter 12 of Press, et. al., 1988 requires the number of data points to be some integer powers of 2, so only the rst 2 12 = 4096 points are used for the calculation.
A. The original price sequence: Fig.1 shows the Dow Jones industrial average time series. The unit for time is one day. Fig.2 shows the power spectrum of this sequence in log-log scale. The unit of the frequency f is one cycle per day. A least-square best-t line for the rst 2000 spectral components the total number of spectral components is 2048, half of the total number of data points:
log Pf = b , logf or, Pf = e b 1 f 2 gives b = 8 :16 and = 1 :81. One might smooth the spectrum in order to determine the value of more accurately. Since tting the spectrum never gives the more accurate value of the exponent as compared with, for example, the dimension calculation Dubuc, et. al., 1989 , no attempt is made here to polish the original spectrum. B. The detrended price sequence: The detrended time series using the linear trend is also shown in Fig.1 lower part of the gure. The linear trend is T 1 t = 376:6 + 0 :489t t is the time. The power spectrum for the detrended time series is shown in Fig.3 . A least-square best-t line for the rst 2000 spectral components gives b = 7 :43 and = 1 :796. As expected, both the total power and the exponent are reduced by the detrending process, although the change of is almost negligible. Suppose that the trend of the original series is not linear, we m a y try other higher-order polynomial functions. Fig.4 shows the detrending process by a quadratic function: T 2 t = 940 , 0:33t + 2 10 ,4 t 2 .
Since quadratic function would t the original time series more smoothly, w e expect that the total power and the exponent for the power spectrum 1=f would be further reduced. To summarize the general features of the power spectra for detrended time series: the total power is greatly reduced by the detrending; the is only slightly reduced, in other words, the shape of the spectra, or the distribution of the power at di erent frequencies, are not greatly a ected by the detrending; and the 2000 are tted, then = 2, indicating that a single power-law function 1=f cannot perfectly t the whole power spectrum. This lack of the self-similarity or self-a nity is con rmed independently by the calculation of the dimension plot, though I will not discuss this in details here Li, unpublished results . D. The detrended log-price sequence: Fig.8 shows the detrended time series from the log-price the linear trend is T log t = 6 :44 + 3:3 10 ,4 t as illustrated in Fig.6 , and Fig.8 shows its power spectrum. The best-t line for the rst 2000 spectral components gives b = 1 :09 and = 1 :83. The result from quadratic detrending is not shown here because it is checked to be almost the same as that from the linear detrending.
From all these spectral analyses for the original as well as detrended time series, price as well as logprice sequences, we conclude that Dow Jones industrial average uctuates as 1=f 2 noise 1:8 i s v ery close to 2 rather than 1=f noise. Since it is known that random walk sequences have exactly 1=f 2 power spectra see Appendix, we w ould like t o c heck whether the di erence sequence Dt = xt + 1 , xt i s an uncorrelated sequence with a at power spectrum. Fig.10 shows the di erence sequence of the Dow Jones average note the volatility increase in the recent y ears; and its power spectrum in normal scale is shown in Fig.11 . Each dot represents a spectral component, and the solid line represents the average of the neighboring 16 spectral components. The spectrum is obviously quite at. Fig.12 shows the di erence sequence from the log-price, also called the return sequence: Rt = log xt + 1 , log xt . Fig.13 shows its power spectrum in normal scale. Again, a at spectrum is observed. It has been recognized almost a hundred years ago by Bachelier Bachelier, 1900 that the economic time series uctuate more or less as random walks. The random walk assumption of the stock price sequence is closely related to the e ciency of the stock market and discussed in a branch of the statistics called Martingale process. The literature on this topic is extremely rich, see Working, 1934 , Kendall, 1953 , Osborne, 1959 , Cootner, 1964 , Fama, 1970 , LeRoy, 1989 , and Malkiel, 1990 . In recent y ears, the assumption on the e ciency of the stock market is challenged by many researchers, and deviations from either strong or weak versions of the random walk have been observed De Bondt, et. al. Rosenberg, et. al. 1985 Fama & French, 1986 , French & Roll, 1986 , Poterba & Summers, 1988 , Lo & MacKinlay, 1988 , Jegadeesh, 1990 , Lehmann, 1990 , Cutler, et. al. 1990 . One of the classic books on random walk in stock price and investment strategy by Malkiel includes a new chapter in its 1990 edition to summarize the observations of these recent non-random-walk patterns Malkiel, 1990 .
In all these studies, the observed correlations are short ranged. These short-range correlations might well be related to the nite time required for information dispersion Fisher, 1966 , or perhaps related to the less-than-perfect ability for traders to utilize the information Heiner, 1983 . After these shortrange correlations are removed, no non-trivial long-range correlations have been found Lo, 1989 . Because long-range correlation is essential to 1=f noise, their absence easily explains the absence of 1=f noise as discussed in this section. Note: the existence of long-range correlation is necessary but not su cient for having 1=f spectra. Sequences with low frequency 1=f spectra have correlations in a time span comparable to the sample time | which can be varied | as compared with the long-range correlation in many time series whose correlation time, though long, is xed.
One question remains on whether the 1=f 2 spectrum observed in Dow Jones index is ubiquitous in other economic time series. It might be the case, in light of the 1=f 2 spectra being observed in US-Canadian dollar exchange rate sequence Thearling, private communication , Standard & Poor 500 index Thearling, private communication , all sectorial indices in Milan stock exchange Mantegna, 1990 , etc. Here, I would like to give another example of 1=f 2 spectra: the bond-price time series Dow Jones average of 20 bonds. The time series is shown in Fig.14 also shown in the gure is the linear trend. The total number of points is 4331 from January 2, 1976 to November 7, 1989 ; a v alue is assigned to each holiday or each d a y i n w eekends that is the same as the value in the previous trading day. The best-t line for the rst 1024 spectral components gives b = 4 :18 and = 1 :91. It should be pointed out that power-law function cannot perfectly t the whole spectrum, partly because all Friday's values are repeated two more times which arti cially introduces some short-range correlation and partly because the original sequence is perhaps not self-similar or self-a ne after all. A t for the last 1024 spectral components gives = 0 :44, and a t for the all 2048 spectral components gives = 1 :53.
The observation that white noise 1=f 0 spectra are not persistent, whereas random walks 1=f 2 spectra are persistent, points out a direction for nding 1=f noise: search for time sequences with intermediate persistencies. It has been observed that stock market trading volume series have such a property. So far, it has not been checked whether or not trading volume series exhibit 1=f power spectra. A practical problem is that naively using the volume data will not give a good measure of the true activity of the market, because the number of listed shares is not a constant LeBaron, private communication .
Distribution of price changes
The conclusion that random walk sequences exhibit 1=f 2 -type power spectra results from the fact that changes of the variable are uncorrelated, disregarding whatever the distribution of this change of variables is. Consequently, the distribution of the stock price changes is a property independent of the power spectrum of the time series of the stock price.
The distribution of stock price changes, derived either from across the stock market at a xed time or from a single price series over the time, has been previously studied by, among others, Osborne Osborne, 1959 , 1962 and Mandelbrot Mandelbrot, 1963 , 1967 Mandelbrot & Taylor, 1967 see also the Chapter 37 of Mandelbrot, 1982 . The main conclusion by Osborne is that although price change is not normally distributed, the log-price approximately is. Mandelbrot suggested that the variance of the distribution might go to in nity. He actually used the L evy's stable distribution L evy, 1937 , something similar to the stretched exponential function that is familiar to physicists in the study of the glassy relaxation Palmer, et. al., 1984 . Mandelbrot and Taylor later tried to reconcile the two distributions by suggesting that the normal distribution for price changes in a single trading can be compatible with the distribution having in nite variance for price changes after a xed period of time e.g., a day Mandelbrot & Taylor, 1967 . See also the discussion by Clark Clark, 1973 .
In this section, I will show the distribution of daily changes of the Dow Jones industrial average. Because the Dow Jones average is a composite index and because the time period i.e., a day is long enough to include millions of millions transactions, it is not clear whether the normal distribution should be a good approximation. Nevertheless, following Osborne's argument, we expect the distribution for price changes to have a longer tail, similar to the log-normal distribution for income Aitchison & Brown, 1963 than the distribution for log-price changes. Fig.16 shows the daily-average change distribution in log-log scale. The distribution for increase is plotted separately from that for decrease: squares for positive c hange and crosses for negative c hange. No asymmetry appears to exist between the two. Each point represents the number of countings for dailyaverage change between i 10 and i + 1 10, where i is an integer, and that point sits in the middle of that interval, i.e., i + 1 =2 10. For example, the total numberof days with 0 to 10 increase is 1404, and the numberofdays with 0 to 10 decrease is 1347 out of total 4111 days. These two points are then plotted at x; y = 5,1404 and 5,1347.
Although the distribution can hardly be characterized as a power-law function, I try to t the distribution from point 2 to 11 for positive c hanges and from point 2 to 8 for negative c hanges by a linear function in log-log plot. These ttings give 1=D 2:95 for the positive changes and 1=D 2:80 for the negative c hanges, respectively D is the value of daily-average change.
Note that there are gaps in the distribution where no countings have been recorded, for example, the change between 120 and 140, between 160 and 180, etc. These zero countings are not plotted because their logarithm will become negative in nity. Actually, one counting is not plotted in Fig.16 after all | the negative c hange of 508 on the day of stock crash of October 19, 1987 the Black Monday | because of the huge gap from 200 to 500. I will come back to this point in the next section. Fig.16 is redrawn in semi-log scale in Fig.17 . The purpose is to see whether an exponential function can be a better approximation of the distribution. The tting for the rst 9 points gives e ,0:036D for both the positive c hange and the negative c hange. Disregarding how good the t is for these points, it fails to be extrapolated to the remaining points in the distribution for D between 100 and 200 as well as the one counting for Black Monday.
If the log-price is a better quantity to study, we should draw the distribution for log-daily-average changes. This distribution is shown in Fig.18 log-log scale and Fig.19 semi-log scale. It is di cult to t the distribution by a p o wer-law function because taking the logarithm of the price has already taken care of the long tails in the distribution, but exponential functions seem to approximate the distribution well: e ,63R for the rst 10 points of positive changes and e ,62R for the rst 10 points of negative changes, respectively R is the return, or the di erence of log-daily-average. The Black Monday gives a log-daily-average change of log1738:70 ,log2246:73 = ,0:256 which is outside of the range of the plots for both Fig.18 and Fig.19 .
To summarize the results of this section, the daily-average change distribution ND can be approximated by either a power-law function, if the smallest changes are excluded, or an exponential function, if the larger changes are excluded. In both cases, the occurrence of the biggest loss on Black Monday i s way o the curve, and neither function ts it. The log-daily-average change distribution NR can be approximated nicely by an exponential function except for a few larger changes. Again, the loss on Black Monday seems to be an exceptional event which does not t smoothly with other points in the distribution. 4 The stock crash versus the earthquake The fundamental theory of the stock market suggests that the price uctuates around its value, and any new information concerning the value of the stock will be incorporated quickly into the price of that stock e cient market assumption. Any sudden change of the stock price should re ect some sudden change of the value, or sudden acquisition of the new information. For example, in October 1987 before Black Monday, a merger tax" was imposed by the Congress which made the merger activity more expensive. As a result, the stock prices for those companies which w ere subject of the takeover attempts were falling Malkiel, 1990 . Although there is usually a cause behind a change of the price, in a stable and e cient market, a disproportional change of the stock price due to a small amount of new information should not happen.
The big up-and-down can occur more often and more fanatically when the change of the stock prices is driven by psychological belief" than by the change of true value. For example, if each participant behaves according to his optimism for the future increase of the value and buys at a current higher price with the belief that the price will go even higher; as everyone attempts to beat the crowd by buying ahead, the price will be ridiculously in ated. When people nally realize that the stock i s o verpriced, they compete to sell short, and the snowballing goes in another direction. Let me quote from Malkiel's excellent book page 34 of Malkiel, 1990 : Unsustainable prices may persist for years, but eventually they reverse themselves. Such reversals come with the suddenness of an earthquake; and the bigger the binge, the greater the resulting hangovers.
How frequently does such a mad crowd strike is incalculable unless some psychological law is derived.
The above observation that the reversal of the stock price, being due to the previously in ated price driven by the psychological e ects of a big crowd, behaves somehow like an earthquake leads some people to believe that stock activities are always similar to faults dynamics stick and slip" which are responsible for earthquakes. They also believe that both are examples of the so-called self-organized criticality" Bak & Chen, 1991 . In this conceptual picture, the larger events share the same mechanism as the smaller events; the time series produced by the system exhibit 1=f spectra; and the distribution of avalanches is a power-law function or a multi-scaling function for the discussion of multi-scaling functions in this context, see Kadano , et. al. 1989 . With the results presented in this paper, we can examine the validity o f these statements as applied to stock markets.
A. The rst point can be vaguely answered as follows. If one believes the fundamental theory that all price changes, large or small, are driven by the real change of the factors which determine the value, then one can say that both large collapses and small uctuations of the price are responses to the newly acquired information concerning the value of the stocks. The di erence of responses is purely due to the di erence of stability of the market. On the other hand, if one believes the psychological e ect is more crucial in in ating the stock price before Black Monday, whereas less important on other dates with small uctuations, then the underlying mechanism for stock crash is di erent from that for typical daily uctuations. Whatever the explanation, the occurrence of Black Monday does not t smoothly in the distribution of smaller uctuations. Fig.20 shows this distribution again including Black Monday: a and b are for daily-average changes log-log and semi-log scales; c and d are for log-daily-average changes log-log and semi-log scales. From Fig.20 , the large negative change of price on Black Monday is more like a systematic error" instead of an intrinsic part of the distribution function. Many people agree that the stock price would have dropped by perhaps 100 to 200 points on Black Monday instead of 508 points, if there had been no heavy selling by the systematic strategy called portfolio insurance" Brady, et. al. , 1988 . This introduction of an extra instability to the market should certainly take some blame for the magnitude of the price drop, if not the drop itself. In this sense, the big crash without a big impact from the acquisition of the new information can be avoided in principle, if instability factors such as the portfolio insurance strategy are removed from the market. There are studies seeking other instability factors, or conditions at which small change in the environment can cause discontinuous changes in the price Gennotte & LeLand, 1990 , similar in the spirit to the bifurcation phenomena or the catastrophe theory. B. The second argument goes as follows: self-organized critical systems exhibit 1 f noise Bak, et. al., 1987 , earthquake time series exhibit 1 f noise Sornette & Sornette, 1989 , and stock prices uctuate as 1 f noise as quoted from Bak, el. al., 1988 , so that all of them should be uni ed by the same model. This is an extremely shaky argument, and more and more studies have shown that the basic facts underlying the above argument are perhaps completely wrong. As we h a ve seen in this paper, the stock prices uctuate as 1=f 2 noise instead of 1=f noise. Neither Granger nor Mandelbrot claimed that the stock prices uctuate as 1=f noise, and they were obviously misquoted by the authors of Bak, et. al., 1988 . The claim that the self-organized criticality model exhibits 1=f noise is also challenged by several studies Jensen, et. al., 1989 Kert esz & Kiss, 1990 . It is not clear whether any long-range correlation exists in avalanches series. Probably the only way to retrieve the 1=f noise is to drive the system very fast, so that the next avalanche starts before the previous one being nished, consequently introducing a correlation between the two Hwa, 1990 . The almost instantaneity o f a valanches practically requires the driving of the system to be continuous in order to have a n y hope for observing 1=f noise. Real sand pile experiment with slow adding of sands also produces time series with 1=f 2 power spectrum instead of 1=f spectrum as incorrectly suggested by the self-organized criticality model Jaeger, et. al., 1989 Held, et. al., 1990 .
As for the time series of earthquake, there has been so far no evidence for 1=f spectrum, despite a suggestion by Sornette & Sornette Sornette & Sornette, 1989 . Early studies of the power spectra of time series for the number of shocks per unit time e.g., 0.1 year in New Zealand show that the spectra are basically at, with a small amount of increase at low frequencies Vere-Jones & David, 1966 Vere-Jones, 1970 . This increase of the lower frequency power is almost absent when the aftershocks and large swams of shocks are removed from the series Vere-Jones & David, 1966 , indicating that the source of the deviation from white noise is the aftershock series. There is another spectral analysis by Lomnitz on the global large earthquake time series number of large shocks per unit time, and again, a very at spectrum was observed Lomnitz, 1964 .
I h a ve c hecked Lomnitz's result independently by taking the same global large earthquake series the time of all shallow earthquakes with magnitude larger than 7 a n ywhere on the earth between 1918 and 1952, as recorded in Gutenberg & Richter, 1949 . The spectrum of the occurrence time series is white, and the spectrum of the gap series each point is the waiting time between two large earthquakes has some extra power at low frequency, but the increase is much slower than 1=f Li, unpublished results .
It is known that the aftershock series obey Omori's law, i.e., the rate of occurrence of the dependent shocks decreases as 1=t, where t is the time after the main shock Richter, 1958 . Is it possible that this slow decay o f dependence will lead to a 1=f power spectrum for series with both main shocks and aftershocks? Such series can be characterized by the power-law shot noise" Lowe n & T eich, 1990 , i.e., the superposition of random power-law impulses, each of them has the form 1=t . The power-law shot noise is known to have 1 =f power spectrum only if = 1 =2 Lowen & Teich, 1990 . With = 1 , a s i n t h e case of Omori's law, the spectrum is at Lowe n & T eich, 1990 . C. The last point, that the response distributions such as the avalanche size distributions in sand pile experiment, the occurrence frequency distribution of earthquake sizes, and in our case, the daily-average change distribution are power-law functions or multi-scaling functions, is di cult to con rm with a nite number of data points and a nite range of the magnitude of responses. It is very important to see whether the scaling observed for smaller responses can be extrapolated to predict the frequency of occurrence for larger responses. Otherwise, the empirical law should not be claimed to be universal. The lack of large avalanches in sand pile experiment due to the nite size of the pile is well known, and it cannot be saved by increasing the pile size, as reported in Held, et. al., 1990 . As the pile size is increased, instead of a broad band distribution of responses, there exists only one type of the response Jaeger, et. al., 1989 Held, et. al., 1990 . For frequency occurrence of earthquakes anywhere on the earth, the distribution can be perfectly tted by the power-law, also called the Gutenberg Davison & Scholz, 1985 that for four local regions near the southern coast of Alaska, the maximum magnitude of the earthquake as extrapolated by the Gutenberg-Richter law consistently smaller than what was really recorded in the time period studied. But for four regions combined, the extrapolation works much better, i.e., Gutenberg-Richter law i s o b e y ed for global statistics of earthquakes but not necessarily for local statistics on a single fault line.
Without a reliable counting of the large events, the theory of criticality cannot be tested against any other alternative empirical laws. As can be seen from Fig.16 and Fig.17 , from the price change of 10 to 100, both power-law function and exponential function t the data well. Even if we take the assumption that the price change distribution is a power law, or the log-price change distribution is an exponential function, the maximum shock" should be around 100 points price change or 0.05 log-price change. The existence of 500 points or 0.256 for log-price loss does not support any smooth distribution functions, including the power-law functions.
In summary, it is tempting to question the analogy between stock markets and the stick-slip dynamics in earthquakes, as well as the theoretical models of the self-organized criticality. It is natural to believe that both small and large earthquakes belong to the same process of releasing stresses. On the other hand, the small uctuations of the stock price and the rare stock crash seem to have di erent mechanisms. The argument that stock markets are critical here I assume that the term implies a smooth continuation from smaller events to larger ones is highly tenuous. As an empirical evidence, I has shown that the frequency distribution for smaller daily-average changes cannot be extrapolated by either exponential or power-law functions to account for the occurrence of Black Monday. I w ould encourage further studies on the distribution of price changes in di erent time periods e.g., early data including the 1929 crash, di erent markets e.g., commodity markets, or di erent horizons e.g., hourly data.
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Appendix
A Simple Time Series with 1=f 2 Spectra
In this appendix, I will prove that random walk time series and linear trends have 1 =f 2 power spectra, by showing that their Fourier transformations behave a s 1 =f. 
